THE POINTED FLAT COMPACTNESS THEOREM 
FOR LOCALLY INTEGRAL CURRENTS 



URS LANG AND STEFAN WENGER 

Abstract. Recently, a new embedding/compactness theorem for integral currents in 
a sequence of metric spaces has been established by the second author. We present 
a version of this result for locally integral currents in a sequence of pointed metric 
spaces. To this end we introduce another variant of the Ambrosio-Kirchheim theory 
of currents in metric spaces, including currents with finite mass in bounded sets. 



1. Introduction 

In the recent article [9], the second-named author proved a new compactness the- 
orem that combines features of two other powerful results: Gromov's theorem for 
uniformly compact families of metric spaces and the compactness theorem for integral 
currents from geometric measure theory. When applied to a sequence M„ of compact, 
connected and oriented Riemannian m-manifoldij, the theorem says that if the diam- 
eters, the volumes and the volumes of the boundaries are uniformly bounded, then 
there exist a subsequence M^., a complete metric space Z, and isometric (i.e. distance 
preserving) embeddings (pj: Mn. ^ Z such that the images (pj(M„.), viewed as in- 
tegral currents (Pj#[M„.], converge in the flat topology to an integral current T in Z. 
Here the terms "integral current" and "flat topology" are understood in the sense of 
the metric theory of currents introduced by Ambrosio-Kirchheim [IJ. In case the M„ 
have no boundary, there is a stronger conclusion: As j oo, the filling volume of the 
cycles T - iPj#[M„.] tends to zero, i.e. they bound (m -I- l)-currents with smaller and 
smaller mass. The general formulation of the theorem refers to sequences of integral 
currents T„ in complete metric spaces X„. The purpose of the present article is to pro- 
vide a "pointed version" of this result for locally integral currents, akin to Gromov's 
embedding/compactness theorem for pointed metric spaces [5J. 

The metric currents of [IJ have finite mass by definition and are therefore not suited 
for the envisaged pointed compactness theorem. In [6], the first-named author pre- 
sented a theory of general metric currents with locally compact supports, comprising 
currents T with locally finite mass, whose measure ||r|| is a Radon measure. However, 
this setup does again not fit our purpose, as the local compactness may fail to persist 
in the limit. We therefore present yet another variation of the theory of currents in a 
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metric space Z. This will be discussed at some detail in Section |2l here we just briefly 
explain the notation needed for the main results. The abelian group of m-dimensional 
locally integral currents in Z will be denoted by Iioc, m(Z). The measure ||r|| associated 
with an element T is finite on bounded sets and furthermore concentrated on some 
countably m-rectifiable set. We emphasize that throughout this article the subscript 
"loc" refers to a finiteness property on all bounded sets rather than on suitable point 
neighborhoods. The support in Z and boundary of a current T e Iioc,m(Z) will be 
denoted by sptT and dT\ the latter is an element of Iioc,m-i(Z). For instance, every 
connected and oriented Riemannian m-manifold M that is complete as a metric space 
induces a current [M] e Iioc,m(^^) with spt[M] = M and d{M] = [dM]. The push- 
forward ip#T of T e lioc,m(Z) is defined and belongs to Iioc,m(Z') whenever (p maps 
spt T into Z' such that preimages of bounded sets are bounded and (p is Lipschitz on 
bounded subsets of spt T. The boundary of (p#T equals (p#{dT). We say that a sequence 
(Tj) in Iioc, m(Z) converges in the local flat topology to a current T 6 Iioc, m(Z) if for 
every bounded closed set 5 c Z there is a sequence (5y) in Iioc,m+i(Z) such that 

(\\T-Tj-dSj\\ + \\Sj\\)(B)^0; 

in other words, T - Tj can be expressed as Rj + dS j, with Rj e Iioc, m(Z) and S j e 
Iioc,m+i(Z), such that i{\Rj\\ + \\S j\\)(B) 0. Then dTj dT in the local flat topology 

of Iloc,m-l(Z). 

Given a metric space X and Xq e X, we denote by B{xq, r) := [x eX : d{xo, x) < r] 
the closed ball of radius r at xq. 

The main result of this article is the following pointed version of ^ Theorem 1.2]. 
The proof uses the same decomposition techniques and will be given in Section IBTI 

Theorem 1.1. Let be a sequence of complete metric spaces, Xn 6 Xn, and let 
T„ G Iioc,m(^(i)) m>\. Suppose that for every r > 0, 

sup VWUmXn, r)) + WdTMxn, r))] < c«. 

n 

Then there exist a subsequence (jij), a complete metric space Z with basepoint zq, and 
isometric embeddings (pj: X„. ^ Z such that (pjixnj) — > Zo and ((pj#Tr,.) converges in 
the local flat topology to some T e Iioc, m(Z). 

Similarly as in |l9l|, a somewhat stronger conclusion holds if dTn = for all n, or, 
more generally, if for every r > 0, spt(dTn) n B(Xn, r) = for almost every n. Then, for 
every bounded set B c Z, spt(d((p j#Tn.)) n 5 = for almost all j, in particular dT = 0. 
In this situation, T - (pj#Tn. ^ in the "local filling sense": For every bounded closed 
set 5 c Z there is a sequence (S'p in Iioc,m+i(Z) such that spt(r - (Pj#T„. - dS'pnB = Q 
for almost all j, and 

This will be discussed in Section IX^ 

The next result shows that the limit given by Theorem [TTT] is unique, up to a pointed 
isometry. 
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Proposition 1.2. Let be a sequence of complete metric spaces, x„ 6 X„, and let 
Tn 6 IiocmC^ji)- Suppose there exist two complete metric spaces Z, Z' with basepoints 
Zo, z'q and isometric embeddings (fn'- X„ ^ Z, (p'^ : X„ ^ Z' such that ipn{Xn) — > 
Zo, ifi'JyXn) — > z'q, {(pn#Tn) convcrgcs in the local flat topology to T e \\oc,m{Z), and 
((p'^#T„) converges in the local flat topology to T' e Iioc,m(Z')- Then there is an isometry 
i//: {zq} U spt r ^ U spt T' with i//(zq) = z'q and il/#T = T'. 

This will be proved in Section I3.3[ See [|9l Theorem 1.3] for the analog in the 
bounded case. 

Finally, in Section [341 we shall discuss the following proposition, relating the above 
results to other types of pointed limits. Compare [9, Proposition 2.2]. Here it suffices 
to assume that i^„#r„ T weakly, i.e., pointwise as functionals. Convergence in the 
local flat topology implies weak convergence, and the reverse implication holds under 
mild additional assumptions, cf. 

Proposition 1.3. For n e N = {1,2,...}, let Xn be a complete metric space, x„ e X„, 
and let T„ e Iioc,m(^n)- Suppose there exist a complete metric space Z with basepoint 
Zq and isometric embeddings (pn : X„ Z such that (p„(Xn) — > zo and {(p„#Tn) converges 
weakly to T e Iioc,m(Z). 

(i) For every non-principal ultrafllter a> on N, there is an isometric embedding of 
{zq} U spt T into the ultralimit (X^, Xa,) = lim^(X„, Xn) that maps zo to x^j. 

(ii) If{Xn,Xn) converges in the pointed Gromov-Hausdorff sense to a pointed 
proper metric space (7, yo), then there is an isometric embedding of{zo} U spt T 
into Y that maps zq to y^. 

The metric approach to currents, originally proposed by De Giorgi HI, employs 
(m + l)-tuples of real-valued functions as a substitute for differential m-forms. If the 
underlying metric space possesses a smooth structure, the m-form fdni A ... A dn,n 
is represented by the tuple {f,ni, . . . ,n,„). In the theory of currents of finite mass 
presented in [[T], for a complete metric space Z, the tuples consist of Lipschitz functions 
on Z, and the first entry is bounded in addition. An m-dimensional current is then an 
(m + l)-linear functional on Lip''(Z) x [Lip(Z)]"' satisfying a set of further conditions, 
depending on the class of currents under consideration. In the theory of local metric 
currents exposed in [[6l, the underlying metric space is at first assumed to be locally 
compact, and the first function of a test tuple is Lipschitz with compact support, the 
remaining ones are locally Lipschitz. A natural extension of the theory then includes 
currents with locally compact support in an arbitrary metric space Z. The "boundedly 
finite" theory of metric currents discussed here uses "forms" in Lipj,j,(Z) x [Lip[j,^(Z)]'", 
where "bs" stands for "bounded support" and Lip[p^(Z) denotes the space of functions 
that are Lipschitz on bounded sets. We point out again that here the subscript "loc" 
has a different meaning than in [6| unless Z is proper, i.e. bounded closed subsets of 
Z are compact. We shall discuss the fundamentals of the theory in detail, so that no 
prior knowledge of [jj or [6] is required. However, some of the more profound results, 
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such as the boundary rectifiability and closure theorems, will be deduced from their 
analogues in [[TJ. 

2. Metric currents with finite mass on bounded sets 

Let Z and Z' be metric spaces. We denote by Lip(Z, Z') the set of all Lipschitz maps 
from Z to Z' and by Lipj^^ (Z,Z') the set of all maps from Z to Z' that are Lipschitz 
continuous on bounded subsets of Z. We write Lip(Z) and LipjQ^(Z) for the vector 
spaces Lip(Z, R) and LipjQ^(Z, R), respectively. Note that the latter is an algebra. Fur- 
thermore, Lip''(Z) denotes the algebra of bounded real- valued Lipschitz functions on Z 
and Lip^j,(Z) the subalgebra of functions with bounded support. The Lipschitz constant 
of a function / is denoted by Lip(/). 

2.1. Metric functionals. We first consider real- valued functions on the space of (m -l- 
l)-tuples Lip,^j,(Z) X [Lip[j,^(Z)]'", where m > 0. A typical such tuple will be denoted 
by (/, TTi, . . . ,7r„,), and we may use (f,n) as a shorthand. In case m = 0, Lip^j,(Z) x 
[Lip[p^(Z)]'" should be read as Lip^^^(Z) and (/, n) as /. Let now 

T : Lip JZ) X [Lipi^.CZ)]'" ^ R 

be given. For any tuple (g,T) := (g,Ti, . . .,ti) e [Lip^^^(Z)]''^^ with < / < m, we 
define a function T L (g, r) : Lipb,(Z) x [Lipi„,(Z)]'"-' ^ R by 

T L (g, r) (/, TTi, . . . , n,„^i) := T{fg, ti, . . . , r,, tti, . . . , n^^i) 

and call it the restriction of T to (g,T). For any map (f e Lip[p^(Z, Z') with the 
property that (p~^(A) is bounded for every bounded set A c Z', we define a function 
<p#T: Lip,,(Z') x [Lip,„,(Z')]"' ^ Rby 

<p#T (/, TTi, . . . , n,n) := Tif o(p,niO(p,..., n„ o (p) 

and call it the push-forward under (pofT. 

Definition 2.1. A function T : Lip,^j,(Z) x [Lip[Q^,(Z)]'" R, m > 0, is called an m- 
dimensional metric functional on Z if the following properties hold: 

(i) T is multilinear; 

(ii) T is continuous in the following sense: Ifn,, n\ e LipiQ^.(Z), n] Ui pointwise 
everywhere as j ^ oo and sup; yLip(7r^U) < oofor every bounded set A c Z, 
then 

T{f, n\,..., ni) T{f, nu..., n,n); 

(iii) T is local in the following sense: If there exist i and 5 > such that tti is 
constant on [z : d(z, spt/) < 6}, then T{f, tti, . . . , nm) = 0. 

A 0-dimensional metric functional on Z is just a linear functional on Lip^j^{Z). It 
is not difficult to verify that restrictions and push-forwards of metric functionals are 
metric functionals. To check property (iii) for (p#T, observe that since (p is Lipschitz on 
tubular neighborhoods of the bounded set spt(/ o for every 6' > there is a 5 > 
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such that if maps [z : d{z, spt(/ o (/?)) < ^| into [z' : d{z' , spt/) < 5'}. As a consequence 
of the defining conditions of a metric functional, the locality property also holds in a 
strict form: 

Lemma 2.2. If some is constant on spt/, then T(f, ni, . . . , JTm) = 0. 

Proof. Suppose first that 7r,|spt/ = for some i. For j e N, define jS^: R. — > R so that 
f3j{s) = max{0, s - j"M for 5 > and /3j(s) = min{0, s + for s < 0. Note that fij 
is 1-Lipschitz. As j — > oo, jSy o m converges pointwise to Ttj. It thus follows from the 
continuity property of T that 

T(f, TTi,..., n,n) = lim T(f, tti,..., nt^ufij o m, ni+i, 71^). 

Furthermore, since 7r,|spt/ = and Uj is Lipschitz on tubular neighborhoods of the 
bounded set spt/, for every j there is a 5y > such that |7r,(z)| < j^^ whenever 
spt/) < 5j. Then (Jij o ni){z) = for all such z, thus the above equality and 
the locality of T imply T{f, tti, . . . , tt^) = 0. 

To conclude the proof in the general case, note that by (i) and (iii), adding a constant 
to one of ;ri , . . . , ti,„ does not change the value T{f, ni,...,n,„). □ 

Now let r be a metric functional of dimension m > 1 on Z. We define its boundary 
dT: Lipb,(Z) X [Lipi„,(Z)]'"-^ ^ Rby 

dT(f,ni,. . .,TTm-\) '■= T(o-,f,ni, . . .,71^-1), 

where cr 6 hip^,^{Z) is any function satisfying cr|spt y = 1 . If cr' is another such function, 
then / vanishes on {cr ^ cr'} and hence on spt(cr -cr'), so T{a-cr' , f,ni, . . . ,7r,„_i) = 
by the above lemma. Hence dT is well-defined. Clearly dT satisfies properties (i) 
and (ii) of Definition 12. 1[ To verify (iii), suppose that for some z e { 1 , . . . , m - 1 }, ;r, is 
constant on a tubular neighborhood of spt /. Then it is possible to choose cr e Lip|,j,(Z) 
with cr|spty = 1 such that ;r, is constant on some tubular neighborhood of spt cr and 
hence dT(f, tti,. . n,„-i) = T{cr, f,ny,..., nm-\) = by the locality of T. Thus dT is 
an (m - l)-dimensional metric functional. It is easy to check that 

(p#(dT) = d(<p#T). 

Furthermore, if m > 2, then 

d(dT) = 0. 

To see this, let (/, n) := (/, tti, . . . , nm-i) £ Lip|,j,(Z)x[Lip[pj,(Z)]'" ^ and choose g,cr,T G 
Lip|,,(Z) such that^lspt/ = 1, cr|spt^ = 1, and rlpto- = 1, in particular cr|spt/ = 1. By 
definition, 

d(dT)(f, n) = dT{cT, /, n) = T{t, a, /, n). 
Now / vanishes on {r q} and hence on spt(T - g). It follows that T(T,cr, f,n) = 
T(g, cr, /, n), and this last term is zero since crl^pj^ = 1. 

Proposition 2.3. Every metric functional of dimension m > 2 on Z is alternating in 
the m arguments ni, . . . ,n,„ e Lipip^,(Z). 
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Proof. This is shown by the same argument as in the proofs of [[B Theorem 3.5] and 
[[61 Proposition 2.4]. □ 

2.2. Mass. We now introduce the mass of a multilinear functional and then discuss 
metric functionals with finite mass on bounded sets. The local mass bound implies 
a stronger continuity property that involves the first argument of the functional. This 
leads to further properties, justifying the use of the term "current". In [1], the measure 
associated with a current of finite mass is concentrated on a cr-compact set. We bring 
this property into play at an early stage (cf. Proposition 12.41) . as a substitute for the 
local compactness underlying the approach of [6]. 

We denote by Lipj(Z) c Lip(Z) the set of all 1-Lipschitz functions. For every 
multilinear function T : Lip^j;(Z) x [Lipjp^(Z)]"' R and every open set V c Z we 
define the mass of T in V as the possibly infinite quantity 

My{T) ■=snpYjT(fA,n,l 

where the supremum is taken over all finite families such that (/i,7r^) = 

ifA,nA,i,...,nA,m) eLipb^(Z)x[Lipi(Z)]'", spt/, c V, and 2^eA l/il < 1- In casern = 0, 

M^,(r) = sup {T(f) : / 6 Lip,,(Z), spt/ c V, |/| < 1} . 

If a sequence (T„) of multilinear functions converges pointwise on Lip^j,(Z) x 
[LipiQj.(Z)]'" to a multilinear function T, then clearly 

Mv(T) < liminf My(r„) 

for every open set V <z Z, i.e. My is lower semicontinuous. Pointwise convergence 
of multilinear functions will be referred to as weak convergence. We write M(r) : = 
Mz(r) for the total mass. We now define a set function ||r|| : 2^ [0, oo] by 

liriKA) := inf {Mv(T) : V c Z is open, A G V] . 

If A is open, then obviously ||r||(A) = M^(r). For two multilinear functions 
T, T : Lipb,(Z) x [Lipi^^CZ)]™ ^ R and r e R we have 

lir + rii<iirii + iirii, ikni = Hiini. 

Under a suitable cr-compactness assumption, ||r|| turns out to be an outer measure. 

Proposition 2.4. Let T : Lip|,s(Z) x [Lip,Q^(Z)]"' -^M.be a multilinear function, m > 0, 
and suppose that for every bounded open set U c Z and every e > there is a compact 
set C c U such that M.u\c{T) < e. Then \\T\\ is a Borel regular outer measure that is 
concentrated on some cr-compact set. 

Proof. It is clear that ||r||(0) = and that ||r|| is monotone. To show that ||r|| is 
cr-subadditive, let first Vi,V2,... c Z be open, and put V := Ufc=i ^/t- Suppose 
(if A, ^A))AeA ^ finite family as in the definition of MyiT). Choose a bounded open 
neighborhood U c Z of A := UieA spt/^, let 6 > 0, and let C c U he a compact set 
with Mu\c{T) < e. Put if := C n A and Vq := Z \ K. We have K c Ur=i ^k, thus 
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by the compactness of K there is an index such that IJa:=i contains K. Further- 
more, using the compactness of K again, we see that the covering {Vk)k=o,...,N of Z has 
a positive Lebesgue number. Then there exists a partition of unity {gk)k=o,...,N on Z such 
that Qk'. Z —> [0, 1] is Lipschitz and spt gi, c Vt for k = 0,...,N. For every AeA 
we have spt(^?o/i) cVonAcf/\C and spt(^)/t/i) c Vit for A; = 1, . . . moreover 
Z^eA ^ 1 for = 0, . . . , A/^. We obtain 

N N N 

2 r(/,,7r,) = E T^^OkfA^nA) < Mu\c{T) + _^My,(r) < 6 + J] H^IK^^)- 

ieA <:=0 /ieA k=\ k=\ 

It follows that ||r||(y) < and the same inequality for arbitrary sets 

V\,V2, ■ ■ ■ is an immediate consequence. Thus ||r|| is an outer measure. When- 
ever A, 5 cZwithJ(A,5) := mf {d{x,y) : x e A, y e B) > 0, then clearly ||r||(A U 
B) = ||r||(A) -I- ||r||(5). Hence, by Caratheodory's criterion, every Borel set is ||r||- 
measurable, and by the definition of ||r|| every set A c Z is contained in a Gg set B 
with ||r||(5) = ||r||(A). Thus ||r|| is Borel regular. Writing Z as the union of countably 
many bounded open sets [/, and choosing a cr-compact set c Ui with ||r||(i7, \2;) = 
in each, we conclude that ||r||(Z \ 2) = for 2 := IJ,- S,-, i.e. ||r|| is concentrated on the 
cr-compact set S. □ 

For a multilinear function T satisfying the assumption of Proposition l2.4[ we define 
the support of T as the closed set 

sptr := sptliril = {zeZ: ||r||(5(z, r)) > Vr > 0} . 

If S is a cr-compact set with ||r||(Z \ 2) = 0, then S \ spt T is contained in the union of 
countably many open balls with measure zero, thus 

lir||(z\sptr) = o, (1) 

i.e. ||r|| is concentrated on spt T. 

Now we return to metric functionals. 

Definition 2.5. For m > 0, we denote by Mioc, m(Z) the vector space of all m- 
dimensional metric functionals T onZ (Definition \2.1\l with the property that for every 
bounded open set U c Z and every e > there is a compact set C c U such that 
M(/(r) < oo and M(/\c(7") < Elements o/Mioc,m(Z) will be called metric currents 
with locally finite mass. 

By Proposition 12. 4[ for every T e Mioc,m(Z), ||r|| is a Borel regular outer measure 
that is concentrated on some cr-compact set. The next result shows how ||r|| controls 
T. We denote by the cr-algebra of Borel subsets of Z. By a Borel measure on Z we 
mean a cr- additive function on with values in [0, oo]. 

Proposition 2.6. Suppose that T e Mioc,m(Z). Then 

m p 

|r(/,;ri,...,;r„,)|<]~[Lip(;r,Lptj) |/|J||r|| (2) 
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for all (f,ni,. . ., tt^) e hip^^{Z) x [Lip[Qj.(Z)]'". Furthermore, if ix is a Borel measure 
on Z such that fi is finite on bounded sets and this inequality holds with pi in place of 
\\T\\, then \\T\\ < n on SSz- 

Proof. We start with the case m = 0. Let / e Lip^,5(Z). There is no loss of generality 
in assuming / > 0. For any number 5 > 0, put fs := min{/, s\. Whenever < 5 < 
we have </,-/,< f - 5 and hence |r(/,) - r(/,)| = \T{ f - /,)| < ||r||(y) (t - s) for 
every open set V containing the bounded set spt(/f - /,) = {/ > s\\ therefore 



\T{ft)-T{fs)\<\\Tmf>A)it-s). 

It follows that s T'C/v) is Lipschitz with constant < ||r||(spt/), hence almost every- 
where differentiable, and \{dlds)T{f^\ < ||r||({/ > s}) whenever the derivative exists. 
^ (d/ds)T(fs) ds, we conclude that 

-Tif,)ds< \\T\\([f^})ds= fd\\T\\. 
ds Jo Jz 

This shows ^ in case m = 0. Now assume m > 1. Let first (/, tt) e Lip,,j,(Z) x 
[Lipj(Z)]'", and consider the 0-dimensional metric functional T^^ := T L (1, Clearly 
lir.ll < liril, thus e Mio,,o(Z), and 



|r(/,;r)| = iw)l< |/|J||r,||< |/|J||r||. 

Jz Jz 

For a general (f,n) e Lip^gCZ) x [LipiQ^(Z)]'", there exists ft G [Lip(Z)]'" such that 
TT = TT on spt / and Lip(7r,) = Lip(;r,|spt /) for z = 1 , . . . , m. Then T(f, n) = T{f, n) by 
Lemma [Z2l and ^ follows. 

As for the second assertion of the proposition, given such a measure /i, we have 
= inf {ju(y) : y c Z is open, B c V} for every Borel set 5 c Z and Mv(T) < n{V) 
for every open set V c Z. This gives the result. □ 

Some basic examples of currents with locally finite mass are given as follows. Sup- 
pose Z is a Lebesgue measurable subset of R"' with ^'"(5Z) = 0, and 6: Z R is 
an ^'"-measurable function such that \6\ J=Sf' " < oo for every bounded open set 
U c R'". Then one obtains a current \Q] e Mioc,m(Z) by defining 

[e]if,n) ■= f efdetiVn)d^'" (3) 



for all (f,n) e Lipb,(Z) x [Lipi„^(Z)]"' (cf. ttH Example 3.2] or [|6l Proposition 2.6]). It 
is not difficult to check that MviW]) = \e\ d^"" for every relatively open set V (Z Z. 

We conclude this section with some remarks regarding completeness of Z. We did 
not impose a general completeness assumption on the underlying metric space, sim- 
ply because this is not needed for the development of the theory. (The corresponding 
assumption in [1] could equally well be avoided by some minor modifications.) How- 
ever, the following simple example shows that some care is needed with incomplete 



POINTED FLAT CONVERGENCE 



9 



spaces. LetZ := (-00, 0) c R and T := [1] e Mioc,i(Z), thus 

Tif, 7r)= f mn\s)ds 

%J —CO 

for {f,n) e hv^^J^Z) x LipjQ^.(Z). As a "constant" current, T should have no boundary 
in Z, however dT is the non-zero metric functional on Z satisfying 

dT{f) = lim f{s) 

for / e Lip|,j,(Z). (In contrast, with the definitions from [6], dT = 0.) Furthermore 
M{dT) = 1, yet dT ^ Mioc,o(Z) as ||5r||(C) = for every compact set C c Z. Note 
that ||5r|| is not cr-subadditive in this case, and there is obviously no good definition of 
the support of dT in Z. Compare also (fTSi) in this regard, where Z is a proper Lipschitz 
manifold. 

2.3. Extension to Borel functions. We denote by ^j^^(Z) the algebra of all real- 
valued Borel functions on Z that are bounded on bounded sets, and by ^°°(Z) and 
e^^(Z) the subalgebras of bounded Borel functions and bounded Borel functions with 
bounded support, respectively. 

Due to ©, every T e Mioc,m(Z) naturally extends to a function 

T:j^Z(Z)x[Up,,^(Z)r^M.. 

In fact, whenever / e =^^(Z) and N is a bounded neighborhood of spt/, there is a 
sequence (fk) in Lip^^(Z) such that spt/^. c A^^ for all k and — > / in L^(||r||). By Q, 
{T{fi„n)) is a Cauchy sequence for every n e [Lipjp^.(Z)]'", and T(f,n) is declared as 
its limit, which is independent of the choice of and (fk). It is not difficult to show 
that the extended function T satisfies the three conditions of Definition 12. II as well as 
inequality ^ with e^^(Z) in place of Lipi^^CZ). The generalized inequality Q also 
subsumes the strict locality property of Lemma 12.21 for / 6 =^^(Z). Furthermore, 
the extended functional is jointly continuous in all arguments in the following sense: 
If {f,n),{P,nj) e ^^^(Z) x [Lipi„,(Z)]'«, (f^nJ) ^ {f,n) pointwise everywhere as 
j — > 00, supyll/^llco < 00, Uyspt/^ is bounded, and sup, yLip(;7r^U) < 00 for every 
bounded set A c Z, then 

T(f,nJ)^T(f,n) (4) 

(cf. jH Theorem 4.4]). Due to ([B and the generalized inequality Q, the extended 
functional has the property that 

T{f,n) = T{f',n') (5) 

whenever f = f and n = n' on spt T. From this it follows that T may be viewed as an 
element of Mioc,m(i^) for any set 7 c Z containing sptT (cf. ^ Proposition 3.3]). In 
particular, the push-forward (p#T is still defined whenever (p: D — > Z' is a map defined 
on a set D D spt T such that ^Isptr 6 Lipj^^Cspt T, Z') and (f'^A) n spt T is bounded for 
every bounded set A aZ'. 

The proof of the following product rule relies on the joint continuity property dH). 
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Proposition 2.7. Let T e Mioc,m(Z), m > 1. For all f e SS'^J^Z) and g, /z, tti, . . . , tt^ e 
LiPioc(2). 

T(f, gh, n2,..., n,n) = T{fg, h, ttz, . . . , n,„) + T(fh, g,n2,..., n,„). 

Proof. This is shown as in [6, Proposition 2.4]. □ 

Let now T e Mioc,m(Z) and (g, r) e -^^^(Z) x [Lipi„^(Z)]' with < / < m. In view of 
the above extension, the restriction formula 

T^{g,T) (f,n) = Tifg,T,n) 

for (/, tt) e Lip|,5(Z) x [Lipi^^.(Z)]'"~^ remains meaningful and defines an (m - /)- 
dimensional metric functional T L ig,T). In fact, whenever V c Z is an open set 
such that Tj\v is Lipschitz for j = 1, . . . , Z, inequality (O for the extended functional T 
gives 

Mv(rL(^,T))<rfLip(r» r Igl^^imi, 

7=1 

which implies in particular that T L (g, r) e Mioc,m-/(Z). When / = 1 and r = ti is 
Lipschitz, this yields 

lirL(i,T)||(A)<Lip(T)||r||(A) (6) 

for every set A c Z. When 1 = 0, since ||r||(t/) < oo and g\ij is bounded for every 
bounded set U, it follows that 



\\T^gm< \g\d\\T\\ (7) 
Jb 

for every Borel set B c Z. For the characteristic function 1^ of a Borel set A c Z, 
we write T L U as T LA. Then ||r lA||(5) < ||r||(A n B) = (||r|| L A)(5) for every 
Borel set 5 c Z. In fact, since the same inequality holds for the complement A'^, using 
the finiteness of ||r|| on bounded sets and the identity T = T \_A + T \_A^ one easily 
concludes that 

lirLA|| = ||r||LA (8) 

on ^z- 

Let again T e Mioc,m(Z), and let (p e Lipjo^(Z,Z') be such that (p~^(A) is bounded 
whenever A c Z' is. If V c Z' is an open set such that (p\^-i(v) is /l-Lipschitz, ^ yields 

Mvi<p#T) < r \\mip-\v)) = r (^#iirii)(y). 

Given a bounded open set U' c Z' and e > 0, there is a compact set C c i7 := 
(fi'^iV) such that ||r||(i7 \ C) < e, hence C := (fiC) is a compact subset of U' with 
{(p#\\T\\){U' \ C) < e. It follows that ip#T e Mioc,„,(Z')- Moreover, if ^ is Lipschitz, 
then My(^#r) < Lip(i^)'" (i^#||r||)(y) for every open set V c Z', and since i^#||r|| is 
finite on bounded sets we have (^#||r||)(5) = inf {(^#||r||)(y) : V c Z' is open, B c V} 
for every Borel set 5 c Z', so 

ll(^#r||<Lip(^r^#lir|| 
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on ^z'- We further note that the equation 

ip#T (/, n) = T{f oip,no (p) (9) 

remains valid for (/, n) e ^^(Z') x [Lip^^^{Z')]"' . To see this, choose a sequence (fi,) in 
Lipbs(Z') such that U,t spt fk is bounded and fu^f'm L\(p#\\T\\), i.e. ftoip ^ fotp'm 
L^(liril). Then fk^f'i^ L^{\\ip#T\\) as well, and the result follows from inequality 
for the extended functionals (p#T and T. Finally, we remark that if (g, r) e ^j'^^(Z') x 
[Lip,„,(Z')]', < / < m, then o r o g (Z) x [Lip,„,(Z)]' and 

(p#(T \-(go(p,TO(p)) = {ip#T) L {g, r), 

as is easily checked by means of ([91). In particular, 

ip#{T^ip-\B)) = {ip#T)^B (10) 

for every Borel set B <zZ' . 

2.4. Locally normal currents. We now introduce the chain complex of locally nor- 
mal currents. 

Definition 2.8. For m> \ we denote by Nioc,m(Z) the vector space of all T e Mioc,m(Z) 
with dT e Mioc,m-i(Z), and we put Nioc,o(Z) := Mioc,o(Z). Elements o/Nioc, m(Z) will 
be called locally normal currents. 

Let m > 1 and g e Lipjp^(Z), and suppose first that T 6 Mioc,m(2)- For {f,n) e 
Lip|,j,(Z) X [Lipip^CZ)]™"' and cr e Lip|,j,(Z) with cr|spt/ = 1, Proposition 12.71 gives 
r(cr, fg, n) = T{ag, /, n) + T{f, g, n), which corresponds to the identity 

{dT)^g = d{T^g) + T^{l,g) (11) 

of (m - l)-dimensional metric functionals. Since T L (l,g) e Mioc,m-i(Z), it follows 
that {dT)^g e Mioe,,„-i(Z) if and only if d(T\_g) e Mioc,„,-i(Z). Now let T e Nioc,„,(Z). 
Then (dT)\_g e Mioc,m-i(Z) and hence T\_g e Nioc,,n(Z). Furthermore, if g is Lipschitz, 
combining (fTTl) with Q and ^ we see that 

ll5(rL^)ll(5)<Lip(^)lir||(5)+ r i^uii^rii 

Jb 

for every Borel set B G Z. Push-forwards of locally normal currents are locally normal. 
The following simple criterion will be useful: 

Lemma 2.9. Suppose T : Lip|,j,(Z) x [LipiQj.(Z)]'" R is a function, (cr,) is a sequence 
in Lip|,j,(Z) such that every bounded set A c Z is contained in {cTj = l}/or some i, and 
T \_cri e Nioc,m(Z)/or every i. Then T e Nioc,m(Z). 

Proof. It is easily checked that T is a metric functional and that My(r) = MyiT L cr,) 
whenever V is a bounded open set and crj\y = 1. Thus T e Mioc,m(Z). Moreover, in 
case m > 1, dT{f,n) = d{T \_ai){f,n) whenever (/,7r) G Lipb,(Z) x [Lipi„,(Z)]'"-i and 
cr;|,pty = 1, hence also Mv{dT) = My(5(r L (t,)). □ 
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2.5. Relation to Ambrosio-Kirchheim currents. We now discuss the relation to the 
theory of Ambrosio-Kirchheim. We briefly recall that a current T e M,„(Z) in the 
sense of [HI is a multilinear function T : Lip''(Z) x [Lip(Z)]'" R such that 



for all (/, n) e Lip''(Z) x [LipCZ)]™ (in particular T{f, ;r) = if some ni is constant 
on spt/). There is a least Borel measure with this property, denoted ||r||, and there 
exists a cr-compact set Z c Z such that ||r||(Z \ S) = (cf. Lemma 2.9 in [|T]| and 
the remark thereafter; note also that the proof of this lemma requires completeness 
of the underlying metric space). As above, M(r) := ||r||(Z), sptT := spt||r||, and 
||r||(Z \ spt T) = 0. For m > 1, the functional dT is defined by dT{f, n^,. . ., Tim-i) = 
Ta,f,nu . . . ,;r^.i), N^(Z) := [T e M„,(Z) : dT e M,„^i(Z)}, and No(Z) := Mo(Z). 
Every T e M,„(Z) extends to a multilinear function T : ^'^(Z) x [Lip(Z)]'" ^ R such 
that ^ and dTS]) still hold for / e ^"(Z). Given T e M^(Z), (g,T) e ^""(Z) x 
[Lip(Z)]' with < I < m,md(p e Up(Z, Z'), the restriction T L (g, r) e M„,_/(Z) and 
the push-forward (p#T e M„,(Z') are defined in the same way as in our case. 

Let now T e Mioc,m(Z) and g e ^^(Z). Since the support of g is bounded, the 
formula 



remains meaningful for (f,n) e Lip''(Z) x [Lip(Z)]'". Thus, the restriction T \^ g e 
Mioc,,„(Z) may as well be viewed as a function on Lip''(Z) x [Lip(Z)]'", which we 
denote Tg for the moment. It is easily checked that Tg is an element of Mm(Z): Clearly 
Tg is multilinear and satisfies (fT^ : furthermore, by ©, ||r L^|| is concentrated on the 
bounded set spt^, it thus follows from Proposition 12.61 for T \^g that (fT3]) holds for Tg 
and that Hr^H = ||rLg|| on ^z- In case m > 1 and g e Lip|,j,(Z), when T\_g e Nioc,m(Z), 
we have Tg e Nm(Z) and 115(7^)11 = ||t?(r Lg)||. To see this, choose cr e Lip,^j,(Z) with 
aUptg = 1; then idiT\_g))^ e M^_,(Z) and \mT\_g)U = mT^g)^cr\\, and it is not 
difficult to verify that {d(T L g))o- = d(Tg) and d{T \_g)\_cr = d(T L g). From now on 
we write again T\_g instead of Tg-, an expression like T\_g e M„,(Z) will indicate that 
a function on Lip''(Z) x [Lip(Z)]'" is understood. 

We show next that every T e Mioc,m(Z) with finite mass determines an Ambrosio- 
Kirchheim current T' e M,„(Z). 

Proposition 2.10. Let T e Mioc,m(Z) with M(T) < oo. Then there exists T' e M„,(Z) 
such that, whenever {cr,^) is a sequence in Lip,^j,(Z) such that |cr„| < 1 and cr„ — > 1 
uniformly on bounded sets, the restrictions T\_crn e Mm(Z) converge in mass to T'. 



T(f,n^)^T(f,n) 



(12) 



whenever ^ n pointwise with sup, jhip(n.) < oo; furthermore, by assumption, 
there exists a finite Borel measure // on Z such that 




(13) 



T^gif,n) = T{fg,n) 
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Proof. Let A c Z be a bounded Borel set, and let < e < 1. Suppose g e ll-g^J^Z), 
\q\ < 2, and < e on A. Using (|7]) we obtain 

M(rL^>) = ||rLt.||(Z) < Jiirii < e\\T\\{A) + 2\\t\\{A'). 

In particular, if ||r||(A'=) < e||r||(Z) and if a, a' e Lipb,(Z) are such that \cr\, \cr'\ < 1 
and o-\a, cr'U > 1 - e, then 

M(r \_cr-T\_o-') = M(r L (cr - cr')) < 3e||r||(Z). 

Since M„,(Z) is M-complete, the result follows. □ 

Conversely, given an Ambrosio-Kirchheim current T' e M„,(Z), one obtains a well- 
defined element T e Mioc,m(Z) by putting 

T{f,n):=T'(f,n') 

for (f,n) e Up^,^!) x [Lipi„^(Z)]"' and any n' e [Lip(Z)]'" with ;r;|spt/ = 7r,|spt /; more- 
over ||r|| = lir'll on ^z- In case m > 1, it follows that dT(f,n) = dT'(f,n') whenever 
(/,7r) 6 Lip,,(Z) X [Lipi„,(Z)]"'-i and n' e [Lip(Z)]'«-i with n'.l^.f = mlp^f. In particu- 
lar, if r G N„,(Z), then T e Nioc,,„(Z) and \\dT\\ = \\dT'\\ on ^z- 

2.6. Slices. Let T e Nioc,m(Z), m > 1, and let g e LipiQ^,(Z). For every r e R we define 
the (m - l)-dimensional metric functional 

(T, g,r):= d(T ^{g< r}) - (dT) ^{g< r], 

called the (right-handed) slice of T at r, with respect to g. For every g e Lipi^{Z), the 
slice of r L g e Nioc,m(Z) at r is given by 

{T^g,g,r) = {T,g,r)^g. (14) 

To see this, put T, := T\_{g < r} e Mioc,„,(Z) and (dT)r := (dT)\_{g < r} e Mioc,m-i(Z), 
so that (T, g,r)\_g = (07^) L ^ - (dT),- L g. By (HB, 

d{{T ^g)^{g<r}) = d(T,^g) = (dT,) L ^ - L ( 1 , ^) 

and d{T \_g) = (dT) ^g-T^(l,g), hence 

(d(T L g)) ^{g<r} = (dT), ^g -T,-^(l,g), 

and (fT4l) follows. As in the theories in yj and [|6| we have: 

Theorem 2.11. Let T e Nioc, m(Z), m > 1, and let g 6 Lip(Z). Then for almost every 
r G R the slice (T, g, r) is a locally normal current with 

spt{T,g, r) G {g = r} r\ spt T. 

Moreover, for every Borel set A c Z and for -oo < ro < ri < oo, 

r ' \\{T,g,r)\\(A)dr < Up(g) \\T\\(A n {r^ < g < r,]). 
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Proof. We choose a sequence (cr,) in Lip[jg(Z) such that every bounded set A c Z is 
contained in {cr, = 1} for some i. For every i, Tj := T \_ cr, e Nm(Z), and spt T,- c spt T. 
Applying the slicing theorem [1, Theorem 5.6] to each T,, we conclude that there is a 
set c R. of measure zero such that for every r eR\N, 



for every Borel set A c Z and for -oo < ro < ri < oo. Now we view {Ti,g,r) as 
an element of Nioc,m-i(Z). It follows from (fT4l) that {T,g, r) L cr, and {Ti,Q, r) agree 
as functions on Lip,,j,(Z) x [LipiQ^.(Z)]'"^^ Thus, for every r e R \ N, {T,g,r) is a 
metric functional with the property that {T,g, r) L cr, e Nioc,m-i(Z) for all i. Therefore 
(r, g, r) e Nioc,m-i(Z) by Lemma IZ9I If A c Z is a bounded Borel set and i is such that 
cr, U = 1, then 

IKr,^?,r)||(A) = \\{T,g,r)^CTKA) = \\{Tug,r)\\{A) 

and ||r,||(A) = ||r||(A). We conclude that IKr,£),r)|| is concentrated on [g = r] f\ sptT 
and that the claimed inequality holds for bounded Borel sets, hence also for arbitrary 
Borel sets A c Z. □ 

2.7. Locally integer rectifiable and integral currents. We call a subset of Z a com- 
pact m-rectifiable set if it is the union of finitely many sets of the form A{K) where 
K c R'" is compact and A e Lip(^, Z). A compact 0-rectifiable set is just a finite set. 
For condition (ii) below we recall the basic examples of currents defined in (|3]). 

Definition 2.12. For m > 0, we denote by J^iocmiZ) the set of all m-dimensional metric 
functionals on Z with the following two properties: 

(i) For every bounded open set U c Z and every 6 > there is a compact m- 
rectifiable set C a U such that M[/(Z) < oo and 'M.u\c{T) < e, in particular 
T e Mioc,™(Z); 

(ii) for every bounded Borel set B c Z and every n e Lip(Z, W") there exists 
e e L^(R"\ Z) such that n#{T ]_B) = [0]. 

Elements o/^ioc,m(Z) are called locally integer rectifiable currents. 

By (i), T e Mioc,m(Z), and ||r|| is concentrated on the union of countably many sets 
of the form A(K) as above. Conversely, if T e Mi^c, m(Z) and ||r|| is concentrated on 
such a union, then clearly T satisfies (i). In (ii), n#(T L B) is defined as an element of 
Mioc,m(K-'") according to the remark after ©, in fact 



for every {f,g) e e^^(R'") x [LipiQ^(R'")]'". We also remark that it suffices to verify 
condition (ii) for bounded open sets B <z Z, cf. the proof of Lemma 7.3]. In case 



(r,-, g, r) = d{Ti L {£) < r}) - {dTd L < r} e N„,-i(Z) 
for all /, spt((r,, g, r)) <z [g = r] spt T,, and 




\\{Ti,g,r)\\{A)dr < Lip(^) ||r,||(A n {r,, <g< r,}) 



ndT^B)(f,g) = T{U(fon),gon) 
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m = 0, an element T e J^ioc,o(Z) is just a function T : Lipj,j,(Z) — > R of the following 
form: There exist a set £ c Z and a function 0: E ^ 2, such that every bounded subset 
of £■ is finite and 

for every / 6 Lip^^iZ). Clearly J^ioc,m(Z) forms an additive abelian group. Let T e 
J^ioc,m(Z). If ^ e Lipjj,^, (Z,Z') is such that (p~^{A) is bounded whenever A c Z' is, then 
ip#T e J^ioc,m(Z'); this uses (fTOl) and the fact that n# o (p# = (n o ^)#. If A c Z is a Borel 
set, then obviously T LA 6 J^ioc,m(Z). 

Proposition 2.13. If a current T 6 'M.\oc,„{Z) satisfies condition (ii) of Definition \2.12\ 
with L^(R'") in place of L^(W",Z), then \\T\\ is absolutely continuous with respect to 

m 

Proof It suffices to show that ||r||(C) = for every bounded closed set C c Z with 
J^'"{C) = 0. Suppose to the contrary that there is such a set C with \\T\\iC) > 0. 
By (El), M(r L C) > 0, hence there exists (f,n) G Lip^.CZ) x [Lip(Z)]'" such that 
T{lcf,n) = T]_C{f,n)i^Q. Approximating / by simple functions, and using the 
continuity of the extended functional in the first argument, we find a closed set 5 c C 
such that T{lB,n) + 0. Since = 0, there is a bounded Borel set c R'" 

such that n(E) c and ^"'(A^) = 0. Now 

TiU.n) = TilBaNon),n) = n#(T\-B)iU,id) = [e](l;v,id) 

for some 9 e L'(R'")- Since ^"'(N) = 0, [0](l/v, id) = 0, a contradiction. □ 

We now introduce the chain complex of locally integral currents. 

Definition 2.14. For m > 1 we denote by Iioc,m(Z) the abelian group of all T 6 
J^ioc,m(Z)with dT e c/ioc,m-i(Z), andwe putlioc,o(Z) := J^ioc,o(Z). Elements of lioc,m(Z) 
will be called locally integral currents. 

In particular, locally integral currents are locally normal. In fact. Theorem 12.161 
below will show that Iioc,m(Z) = J^ioc,m(Z) n Nioc,m(Z). In analogy with Lemma [T9] we 
have: 

Lemma 2.15. Suppose T e Mioc,m(Z), (A,) is a sequence of bounded Borel subsets of 
Z such that every bounded set A c Z is contained in some At, and T lA,- e I^oc, m(.Z) for 
every i. Then T e Iioc, m(Z). 

Proof. It is easily checked that T e J^ioc,m(Z). Moreover, in case m > 1, it follows 
from the strict locality of the extended functional T that dT{f, n) = d{T L A;)(/, n) 
whenever (f,n) e Lipb,(Z) x [Lipi„,(Z)]"'-' and {/ ^ 0} c A,-, and this yields dT e 

Aoc,m-l(Z). □ 

Next, we deduce the Boundary Rectifiability Theorem for locally integer rectifiable 
currents from the corresponding result in [IJ. We denote by J^miZ) and I„,(Z) the 
spaces of integer rectifiable and integral currents in Z, as defined in [[Tl Definition 4.2]. 
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Theorem 2.16. IfT e ^ioc,m(Z), m>\, and dT e Mioc,m-i(Z), then dT e J^ioc,m-i(Z), 

i.e. T 6 Iloc,m(2). 

Proof. Note that T e Nioc,„!(Z). Let g be the distance function to a fixed point zo e Z, 
choose a sequence < ri < r2 < . . . ^ oo such that {T,g,ri) e Nioc,m-i(Z) for all 
and put A,- := 5(zo,r,). Then d{T\_Ai) = {T,g,ri) + (57) LA,- e Mioc,m-i(Z), thus 
ri_A; e J^ioc,m(Z)nNioc,m(Z). Now we view TlA, as an element of N„,(Z). Then clearly 
T \_Ai also belongs to J^miZ). By [1, Theorem 8.6], 8(7 LA,) 6 J'm-xiZ). Interpreting 
d{T L A,) again as element of Mioc,m-i(2), we conclude that dij L A,) G J^ioc,m-i(Z). 
As this holds for every A,, we have T e Iioc,m(Z) by Lemma [2.15[ □ 

As a consequence, one obtains the following supplement to Theorem 12.1 1[ When- 
ever r e Iioc,m(Z), m > 1, e Lipi^^CZ), and {T,g,r) e Nioc,m-i(Z) for some r e R, 
then 5(r L < r}) e Mioc,„j-i(Z), hence 

rL{£)<r}eIioe,„,(Z) 

and {T,g,r) e Iioc,„,-i(Z). 

Finally, we deduce the Closure Theorem for locally integral currents from the cor- 
responding result in [IJ. 

Theorem 2.17. Suppose m > \, and (T„) is a sequence in Iioc,m(Z) that converges 
weakly to some T e Nioc,m(Z), with 

sup[||r„||(A) + ii^rjKA)] < cx, 

n 

for every bounded Borel set A c Z. Then T 6 Iioc,m(Z). 

Proof. Let g be the distance function to a fixed point zo 6 Z. As in the proofs of [HI 
Proposition 8.3] and ^ Proposition 6.6] one shows that for almost every r > there 
exists a subsequence {n{k)) such that {Tn{k),g, r) e Nioc,m-i(Z) for all k, 

s,\x^M{{Tn(k),g, r)) < oo, 

k 

and Tn(k) \-A — > T LA weakly, where A := B{zq, r). It follows that Tn{k) LA e Iioc,,„(Z) 
and 

sup[M(r„(,) L A) + M{d{Tn(k) LA))] < oo. 

k 

In addition, for almost every r e R., {T,g, r) e Nioc,m-i(Z) and hence T]_A e Nioc,m(Z). 
Now we interpret r„(^) LA and T L A as elements of I„,(Z) and Nm(Z), respectively. 
By [HI Theorem 8.5], T\_A € lm(Z), hence T\_A e Iioc,„j(Z) as a function on Lip^^^{Z) x 
[LipiQ^(Z)]"'. In view of Lemma l2.15[ the result follows. □ 
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2.8. Manifolds as currents. Every connected and oriented Riemannian manifold M 
that is complete as a metric space gives rise to a locally integral current [M] in M of 
the same dimension. The same is true for proper, oriented Lipschitz manifolds, as we 
show now. Recall that a metric space Z is an m-dimensional Lipschitz manifold if it 
can be covered by charts (Ua, (fa) where Ua c Z is open and (pa is a bi-Lipschitz map 
from Ua onto a relatively open subset of Ha := {Aa > 0}, for some linear function 
/Iq, : — > R. If m > 1, the boundary dZ is the (m - l)-dimensional Lipschitz manifold 
consisting of all z & Z such that (faiz) e dHa for some or. A Lipschitz manifold Z 
of dimension m > 1 is said to be orientable if it admits an atlas {(Ua,<Pa)}aeA such 
that det(V(^a, o (p^^J) > almost everywhere on (pp(Ua n Up), for all a,p G A. An 
orientation is a maximal such atlas. If m > 2, then an orientation on Z induces an 
orientation on dZ. 

Let now Z be a proper, oriented, m-dimensional Lipschitz manifold. Choose a lo- 
cally finite (hence countable) atlas {(Ua, (Pa)}a€A of positively oriented charts. Let fur- 
thermore (Qa) be a locally Lipschitz partition of unity on Z with sptQa c Ua- For 



Since spt/ is compact and the chosen atlas locally finite, only finitely many terms 
in these sums are non-zero. Furthermore we clearly have [Z] e Mioc,m(Z) because 
((p~^)#[ga o (p~^~\ G Mioc,m(^ fov cvcry a and because the atlas is locally finite. It 
follows from the lemma below that [Z] 6 J^iocmiZ) and that [Z] is independent of the 
particular choices of atlas and partition of unity. 

Lemma 2.18. Let (U, i//) be a positively oriented chart ofZ, and let g G 3§^^(Z) with 
sptg c U. Then 



(f,n) G Lipb3(Z) X [Up,^,(Z)r we define 

[Z](/,7r) := J](cp-\[£a o <p-'Mf,n) 





m 



This proves the lemma. 



□ 



We now show that if m > 2, then 



d[Z] = [dZ]. 



(15) 
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Let if,n) e Lip|,j,(Z) x [LipjQj,(Z)]"' \ and choose cTa e Lip(,j,(Z) such that spt cTq, c Ua 
and cTq, = 1 on spt(^?a/). Then 

d[Z](f,n) = J]d[Z](g^f,n) = J][Z]io-^,g^f,n). 

a€A aeA 

Furthermore, by Lemma [2.18l and Stokes' theorem, generalized to Lipschitz functions 
by bounded smooth approximation. 



[Z]((r^,g^f,n) = f dct(V((g^f) o cp-\no cp-')) d^' 

J<fi„{Ur,) 



Ifa(Ua) 

I dQaf) ° fa^) diui o ip-J) A ... A J(;r„,_i o ip'^). 

Job 



This gives (fT5l) . In particular, if m > 2, [Z] is a locally integral current, and it is not 
difficult to check that this is true also when m = 1 . 



3. Proofs of the main results 

3.1. The pointed compactness theorem. We now turn to our main result. Theo- 
rem [T7TJ whose proof relies on the arguments of [191|. The proposition below sum- 
marizes some key facts established in Lemma 5.1 and the first part of the proof of 
Theorem 1 .2 in that paper. For n e N, let X„ be a complete metric space with basepoint 
Xn, and let m e N. Replacing X„ by if necessary, we may assume by [7J that for 

k = \, . . . ,m, X„ admits an isoperimetric inequality of Euclidean type for I/t(X„) with 
constant D^. This means that for every R e \k{Xn) with dR = there exists S e 
with dS = R such that 

Furthermore, since every closed ball in is a 1 -Lipschitz retract, we may assume 

that spt 5 c B whenever sptR is contained in some fixed closed ball 5 c X„. Now, fix 
integers 1 = ji < j2 < 73 < . . . and positive numbers j > 61 > 62 > ■ ■ ■ such that 

00 

A := ^ Si < 00. 

1=1 

Recall that a sequence of compact metric spaces is said to be uniformly compact if 
the diameters are uniformly bounded and if for every e > there is N{e) G N such that 
every can be covered by N(6) open balls of radius e. 

Proposition 3.1. Let R,C > and suppose that for every n e N, r„ e I„,(X„) satisfies 
spt r„ c B{x„,R) and 

M{T„) + MidTn) < C. 
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Then there exist currents , . . . , r/"^\ U^, . . . ,Un*^ G Im(^n) with support in B{Xn,R) 
such that 

Tn = Tl + ... + Tjf' + C/i + . . . + Ut^' 

and the following properties hold for a suitable constant A > only depending on 
C, A, Dk and m: 

(i) sptr^ and spt are compact whenever i < j„; furthermore, for each i the 
sequence (sptT^ U spt t/^), where n is such that j„ > i, is uniformly compact; 

(ii) dT^ = . . . = dT^*^ = 0, and dT^ = in case m > 2; 

J]MiTl)<A; 

!=1 

ifm = 1 then U\ = . . . = Ui"^^ = 0, and ifm > 2 then 
J^MiU'J + MidUl)<A; 

i=l 

(iii) for 1 < L < j„ - 1, the cycle T^'^^ + . . . + T^"'^^ bounds an element o/I,„+i(Z„) 
with mass less than A6l, andM{Uj;^^) + . . . + M(Ui"^^) < A ^i- 

For the proof of Theorem ll.il we further recall the definition of flat norm ^(T) of 
an integral current T e \m{Z): 

^(T) := inf {M(t/) + M(5) -.T = U + dS,U e I,„(Z),5 e I„,+i(Z)} . 

A sequence (r„) in Im(Z) converges in the flat topology to a current T e I,„(Z) if 
^(r - Tn) 0. 

Proof of Theorem [777] Choose numbers < 7?i < i?2 < • • • — ^ such that, after 
passing to a subsequence, we have T„\_B(Xn,Ri-) e I,„(^«) and 

SUp[M{T„\_B{Xn,Rr)) + M(d(Tn^B(x„,Rrm < CX3 

n 

for r e N. Existence of such a sequence (7?,) follows from Theorem 12.1 II together 
with Fatou's Lemma, and the remark after Theorem 12.161 Set Rq := 0, and define 
Ar,n := B(xn,R,) \ B(xn,Rr-i) and 

for r, n e N; clearly Tr^„ e Im(^n) and 

sup[M(r,,„) + M(5r,,„)] < oo. 

n 

Let r/„, . . . , Tl"n^ , U\^, . . ., Ui''n^ 6 Im(^n) bc currcnts as in Proposition 13.11 for Ty^n 
and Rr. For n, 5 e N, define closed sets 

i min{.vj„| 

^«-=U U ({^«}usptr;„usptt/;,„) 

r=l i=l 



20 



URS LANG AND STEFAN WENGER 



and note that G G . . . G X^. According to part (i) of Proposition 13. 11 for each 
s, the sequence (5^) is uniformly compact. By [9, Proposition 5.2], after passage to 
a subsequence, there exist isometric embeddings (p„ : X„ Z and compact subsets 
y' c c . . . c Z, for some complete metric space Z, such that 

Mb:,) g r 

for all n and s. Since (pn{x„) G for all n, we may arrange, by passing to a further 
subsequence, that (pn(x„) converges to some zo & Y^. Clearly, ipn#U\.^ and (Pn#Tl.^ are 
supported in Y" whenever / < min{5, j„} and r < s. Moreover, for fixed r and z, it 
follows from part (ii) of PropositionlXTlthat M((^„#r;„) and M{(p„#Ul J+M(d((pn#Ui.n)) 
are uniformly bounded and d{(pri#Tl.J is either zero or, in case m = 1 and i = I, equal to 
if„#{dTr^„). We may therefore assume by the compactness and closure theorems in [HI, 
after passing to a subsequence, that for every r and i there exist T'^, U[ e I,„(Z) such 
that 

weakly as n ^ oo. According to [8], replacing Z by /°°(Z) if necessary, we may as 
well assume that the convergence is with respect to the flat topology. Due to the lower 
semicontinuity of mass and assertion (ii) of Proposition 13.1 [ we obtain that 

CO 

J^[M(Tl) + M(Ul) + M(dUi)] < CO 

j=i 

and hence T,- := YjZiC^'r + ^r) ^ Im(2). Using part (iii) of Proposition jXU one shows 
as in the last part of the proof of ^ Theorem 1.2] that, for every r, 

^{Tr - iPn#Tr,n) ^ (16) 

as n ^ oo. In particular, it follows that spt c {z e Z : < d(zo, z) < RA- 

Now we view T^^r and T,- as elements of Iioc,m(^«) and Iioc,m(Z), respectively. We 
define a function T on Lip[,s(Z) x [LipjQj.(Z)]'" by 

CO 

T{f,n):=J]Uf,n), 

where all but finitely many summands are zero because spt f ,.nspt / = for sufficiently 
large r. It is easily checked that T e Iioc,m(Z). To show that (p„#T„ — > T in the local flat 
topology, let 5 c Z be a bounded closed set, and choose 5 eNsothatf* := fi + ...+fi 
satisfies ||r - T'\\{B) = 0, and also \\(Pn#(Tn - r„ L 5(;c„,i?,))||(5) = 0. It follows from 
(fT6l) that there exist U„ e Iioc,m(Z) and 5„ e Iioc,m+i(Z) such that 

r - ipn#{Tn L B{x„,Rs)) = Un + OS „ 

and M{Un) + M(5„) ^ 0. Now 

lir - iPn#T„ - dSn\m = \\r - ipn#{Tn^B{Xn,Rs)) ' 5S„||(5), 
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hence (||r - ^„#r„ - dS^W + = (||f/J| + ||S„||)(5) ^ 0. This concludes the 

proof. □ 

3.2. Local filling convergence. We now justify the remark after the statement of The- 
orem [TTT] Replacing Z by /""(Z) if necessary, we may assume that Z admits isoperi- 
metric inequalities of Euclidean type for lk{Z), k = 1, . . . , m. A consequence is the 
following useful fact, variations of which play a crucial role in the arguments of flVl, 

m,m. 

Lemma 3.2. For k = 1, . . . , m + 1, there are constants q such that, whenever S e \{Z) 
and M(5 ) < 5^ for some 6 > Q, there exists S ' e I^(Z) with dS' = dS, M(5 ') < 5^ and 
d{x, spt(dS')) < CkSforall x e sptS'. 

Proof. For k > 2, see [|7l Lemma 3.4]. For k = \, a part of the argument is still valid. 
Given S e Ii(Z) with M(5) < 6 and a constant Q > I, one gets a current S' e Ii(Z) 
with dS' = dS and M(5') < 6 that is quasi-minimizing in the following sense: If 
;c e spt 5 ', < r < d(x, spt(55 ')), and 5 ' L B{x, r) e h(Z), then 

M(S'L5(x,r)) < QM(Y) 

for every Y e Ii(Z) with dY = d(S'\-B{x, r)). Since x e spt5', this shows in particular 
that the slice {S',g,r) = d(S' L B(x, r)) e Io(Z) with respect to the distance function 
g = d{x, ■) is non-zero, so that M({S',g, r)) > 2. Integration from to d{x, spt(55')) 
gives ld{x, spt(55 ')) < M(5 '), hence d{x, spt(55 ')) < SI2. □ 

Suppose now that {Tj) is sequence in Iioc,m(Z) that converges in the local flat topol- 
ogy to 0, and suppose that for every bounded set B c Z, spt(dTj) n 5 = for all 
but finitely many j. We want to show that then Tj ^ in the following sense: 
For every bounded closed set 5 c Z there is a sequence (S'p in Iioc,m+i(2) such that 
spt{Tj-dS'j)r\B = for all but finitely many j, and — > 0. This is an immediate 
consequence of the next result. We denote by Ur(A) the open r-neighborhood of a set 
A cZ. 

Proposition 3.3. There is a constant c > such that the following holds. Suppose 
T e Iioc,m(Z), B d Z is a bounded closed set, 6 > Q, and S 6 Iioc,m+i(Z) satisfies 
\\T - dS \\{B) < 6"' and \\S\\(B) < 5'"+^. Then there exists S' e Iioc,„,+i(Z) such that 

\\T - dS'WiB) < d"\ M{S') < c6'"^\ 

spt(r -dS')c UcsisptidT) U (Z \ B)) and sptS' c f/,a(spt TU{Z\ B)). 

Proof Assume 5^0. Put R := T - dS , and fix 5 > such that \\R\\(U,(B)) < 5"' 
and ||5 ||(i7i(5)) < 6'"^^. Let g be the distance function to B. There is an r e (0, s) 
such that, for B^ := {g < r], we have T L B^, (dS)l. Br e I,„(Z) and S L 5^ e I„,+i(Z). 
Then i? L 5, e I,„(Z) and M(R L 5,) < 5™. By Lemma O there exists R' e I„,(Z) 
such that dR' = d(R L 5,), M(R') < 5™, and d{x, spt(dR')) < c,n5 for all x e sptR'. 
Note that spt{dR') c spt{dT) U (Z \ 5). Since 7? L 5, - i?' is a cycle with mass < 26'", 
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the isoperimetric inequality of Euclidean type provides a current Q e I,„+i(Z) with 
dQ = R\_Br -R' and M(0 < 2<'"+')/'"D,„5'"+\ for some constant D„,. Then S\-Br + Qe 
I„,+i(Z), and M(5 \- + Q) < for some constant c'. Using the above lemma 

again, we find 5' e I,„+i(Z) such that dS' = d(S L 5, + Q), M(5') < (c'5)'"+\ and 
dix, spt(5S ')) < c,n+ic'6 for all x e spt 5 '. Note that dS ' = 5(5 L 5,) + i? L 5, - i?' = 
{S,g,r) + T\_Br-R',soT -dS' =R' + T\_iZ\Br)-{S,g, r). Now ||r - dS'\\{B) = 
I 1 1 {B) < (5'" , and the result follows . □ 

3.3. Uniqueness. We proceed to the discussion of Proposition 1 1.2[ We use a similar 
argument as in El Theorem 6.1]. 

Proof of Proposition U .2\ For each n, define the metric space Z„ by gluing Z and Z' 
along (pn(X„) and Denote by . Z ^ and : Z' > Z„ the natural 

isometric inclusions. Note that 

for all n. Put A := {zo} U spt T and A' := {zq} U spt T'. Choose compact sets Ci c C2 c 
. . . c A and C; c q c . . . c A' with zo 6 Ci and e C; such that ||r||(A \ U C,) = 
and lir'IKA \ U C'-) = 0. Clearly, U Q is dense in A and U C; is dense in A'. Define 

Bi :=^?„(c,•)u^);(c;) 

and note that 5/, c 5^ c . . . c Z„. Since i^„(jc„) ^ zo and ^^(x„) ^ Zq, it follows that 
dzn(9n(zo), g'niz'o)) — > as H — > oo. For fixed i, the sequence (B'J is uniformly compact. 
By |l9l Proposition 5.2], we may assume, after passing to a suitable subsequence, that 
there exist a complete metric space Z", isometric embeddings cr„: Z„ Z", and 
compact subsets 7' c 7^ c . . . c Z" such that 

(T„{Bl) c r 

for all n and /. Consider the isometric embeddings t„ := cr„ o g„: Z Z" and 
:= o-n o g'^: Z' <^ Z". Since t„(C,) c 7', we may assume, after passing to a sub- 
sequence, that T„U converges pointwise to an isometric embedding t: A ^ Z", uni- 
formly on each C,. Analogously, we may assume that t'Ja' converges pointwise to an 
isometric embedding t' : A' > Z", uniformly on each C'^. Since ^^z"(Tn(zo), t^C^q)) = 
dz,XQ»(zQ),g'„(z'Q)) 0, we have 

t(zo) = r'iz'o). 

It is not difficult to show that t„#T — > t#T and r'^^r' — > t'^T' weakly in Z". We claim 
that also t„#T - t'j#T' — > weakly. Then it follows that 

T#T - t'J' = {T#T - T„#T) + (T„#T - t'^J') + ij'^J' - t'J') ^ 

and thus t#T = t'^T' . Consequently, T(sptr) = spt(T#r) = spt(r^r') = T'(sptr'), and 
ij/ := r'"' o r: (A,zo) — * i^' ^z'q) is a pointed isometry with iJ/#T = T' . 

To prove T„#r - T^#r' — > 0, let first 5" c Z" be a bounded closed set, and choose a 
bounded closed set 5 c Z with t~^{B") c B for all n; note that t„(zo) ^ t(zo)- Since 
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^n#Tn T in the local flat topology, there is a sequence (5„) in Iioc m+i(Z) such that 
(lir - ^„#r„ - dS„\\ + WSMB) ^ O, hence 

(\\Tn#(T-CPr,#T„)-d{T„#S,)\\ + \\rr,#S,MB") < (\\T - ^„#T„ - dS n\\ + \\S n\\)(T;\B")) ^ 0. 

This shows that t„#{T - (pn#T„) ^ in the local flat topology of Iioc,m+i(Z") and thus 
weakly. Analogously, t'^#(T' - (p'„#T„) weakly. Since t„ o tp^ = r', o we have 

Tn#T - t'j#T' = Tn#{T - (Pn#T„) + T,',#(v?^#r„ - T'), 

and the claim follows. □ 

3.4. Ultralimits and Gromov-HausdorfF limits. It remains to prove Proposition 1 1.31 
For the definitions of ultralimits and Gromov-Hausdorff limits of sequences of pointed 
metric spaces we refer to [2, Ch. 1.5] and [3, §8.1], respectively. 

Proof of Proposition U .3\ For every z e spt T we choose a sequence iyniz)) with jniz) e 
sptr„ such that ipniyniz)) z- This is clearly possible since (pn#T„ T weakly and 
spt{(pn#T„) c ^„(sptr„). We have 

dx,X^n,yn{z)) = dz{iPn{x„), ifniyniz))) ^ dz{ZQ, Z)\ (17) 

furthermore, if e spt r„ and (Pniy'n) z' & spt T, then 

dx,.(yn(z),y'J = dz(cPn(yn(z)),iPn(y'n)) ^ dz(z,z'). (18) 

It follows that there is a well-defined isometric embedding i/r: {zo] U spt T ^ (X^j, Xcj) 
that maps z to the equivalence class [(3'„(z))] of (j„(z)) and zo to [(x„)] = x^^. This 
proves (i). 

For part (ii), since spt T is separable and Y is proper, it suffices to show that for every 
finite set F c spt T there is an isometric embedding /: {zo}UF — > Y that maps zo to yo. 
For every z & F, choose a sequence (j„(z)) as above, and let E„ := U {j„(z) : z & F}. 
Due to (flTl) . there is an r > such that c B(x„, r) for every n. Hence, by the 
definition of pointed Gromov-Hausdorff convergence, there are maps fn : E,, ^ Y 
such that fn(Xn) = yo and 

max Idrifniu), fn(v)) - dxM^v)\ 

u,v&E„ 

as n — > oo. Since Y is proper, we may assume that fn(yn{z)) converges to some 
y{z) e y, for every z 6 F. Then dxXxn,yn{z)) ^ dyiyo^yiz)) and dx„iyn{z),yn{z')) 
dY(yiz),y{z')) for all z,z' e F. Thus, in view of (fTTl) and (fT8l) . we get an isometric 
embedding /: {zq} U F ^ 7 such that /(zo) = Jo and /(z) = y(z) for z e F. □ 

Regarding the second part of Proposition 1 1.3 1 note also that if a sequence of proper 
metric spaces (X„,x„) converges to a complete metric space (y,yo) in the pointed 
Gromov-Hausdorff" sense, then clearly every bounded subset of Y is totally bounded 
and hence Y is proper. 
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